In this paper, we consider the joint modelling of survival and longitudinal data with informative observation time points. The survival model and the longitudinal model are linked via random effects, for which no distribution assumption is required under our estimation approach. The estimators are shown to be consistent and asymptotically normal. The proposed estimator and its estimated covariance matrix can be easily calculated. Simulation studies and an application to a primary biliary cirrhosis study are also provided.
Introduction
The motivation for this paper arose from a primary biliary cirrhosis (PBC) study (Murtaugh et al., 1994) . The PBC is a chronic, fatal, but rare liver disease characterized by inflammatory destruction of the small bile ducts within the liver, which eventually leads to cirrhosis of the liver. Patients often present abnormalities in their blood tests, such as elevated and gradually increased serum bilirubin. The research interest is to study how the drug D-penicillamine (DPCA) affects event times and how the patterns of time courses of bilirubin levels affect death due to PBC. Patients in this study will have their blood tests roughly at 6 months, 1 year, and annually thereafter. Longitudinal measurements (such as bilirubin levels) will be collected at these time points.
These predetermined time points are independent of the longitudinal measurements, however, some longitudinal observations may be observed at an 'extra' visit, which is often undertaken unexpectedly because of worsening medical condition. Therefore, such an observation time point is informative to the longitudinal measurement. For survival events, a patient in this study may experience a single event, death/transplant (or censoring); or may experience a death/transplant (or censoring) event and an extra visit to clinic(implying worsening medical condition).
Multiple event models such as multistate models (Andersen and Keiding, 2002; MeiraMachado et al., 2009) are suitable for modelling the extra-visit event and death event.
To incorporate the effects of longitudinal measurements, we consider a joint analysis of multiple event models for the survival data and linear mixed effect models for the longitudinal measurements, where the dependency on the informative observation time points is also considered. The sub-models are joint via a common biomarker process. Such joint models for longitudinal data and survival events have been well developed, when the observation times for longitudinal data are non-informative. Henderson et al. (2000) demonstrated the advantage of using a joint modelling approach. Recent developments in this area include Han et al. (2007) for joint models of a longitudinal biomarker and recurrent events; Elashoff et al. (2008) for joint modelling of competing risks models and longitudinal models; and Dantan et al. (2011) for joint analysis of multi-state models and longitudinal models. Note that the longitudinal model in Dantan et al. (2011) involves a change point and they use two different linear models for the longitudinal data before and after the change point. Their model requires that all longitudinal observations are collected at non-informative time points. In our study, however, the last longitudinal observation may be observed in the extra visit, which is informative. Readers may see Tsiatis and Davidian (2004) for a detailed review of joint modeling of survival events and longitudinal measurements.
The main challenge for the PBC study, which cannot be solved by the existing methods, is the informative observation time points for longitudinal measurements, the 'extra visit'.
There has been a vast literature for dealing with informative observation time points for longitudinal data, e.g. Lin et al. (2004) ; Sun et al. (2007) ; Liang et al. (2009) ; Huang et al. (2006) ; Chen et al. (2015) , but these methods focus on longitudinal observations without a terminating survival event or with an independent stopping event. More recent studies focus on longitudinal data with informative observation time points or with informative dropouts. For example Liu et al. (2008) developed a joint random effect model, with the random effect distribution specified, for longitudinal data with informative observation time points and dependent terminal event. Sun et al. (2012) provided a joint analysis of longitudinal data with informative observation times and a dependent terminal event via two latent variables. Their focus is on the effects of the observed covariates rather than how the unobserved biomarker affects the survival events.
In their estimation approach, the distribution of the latent variables are unspecified, but the asymptotic covariance matrix is estimated via a Monte Carlo resampling approach. Han et al. (2013) developed a joint modelling approach for longitudinal observations using a semiparametric regression, observation processes and the dropout process using an accelerated failure time model.
To our knowledge, although many methods for joint modelling of multiple survival events and longitudinal data have been developed, joint analysis for multiple survival event and longitudinal data with informative observation times has been hardly studied. In this paper we develop a working-likelihood approach to deal with such problems. This new method has several innovations. First, our method needs neither to impute the latent random effects nor to integrate out the latent variables from the likelihood. Instead, our method estimates the latent biomarker process via Least Squares estimates, which are actually functions of other unknown parameters in the longitudinal model. Then such Least Squares estimate functions are plugged into the survival model and we can further obtain unbiased estimating equations for all unknown parameters. The proposed method gives a very simple asymptotic covariance matrix estimator, which is easy to compute.
Monte Carlo resampling approach is not needed as that in Sun et al. (2012) . Second, the new method does not need to specify any distribution for the random effects. This new method is an extension of the corrected score methods in Wang (2006) and Song and Wang (2008) . Third, our method can provide not only the effects of the observed covariates on survival events but also how the unobserved biomarker process affects survival event rates. This paper is organised as follows. The preliminaries and statistical models are introduced in Section 2. Then we introduce the new methodology, and provide the estimating equations, the consistent estimators and the asymptotic normality in Section 3. Simulation studies and an application to the primary biliary cirrhosis study are given in Section 4 and Section 5, respectively. Section 6 gives a brief discussion.
Notations and the statistical model
We denote the death event time as T i , which is usually subject to random censoring by C i . We can only observe
the longitudinal process at time t, which is observed intermittently either at time points t i1 < t i2 < · · · < t i,n i (these times are usually planned in advance and are independent of the longitudinal process Y i (t)), except that the last time point may be an extra (random) visit R i = t i,n i related to Y i (t)). The observation time R i means that at this time point the patient visits the clinic unexpectedly. Therefore this 'extra' observation time point R i will be informative, for example representing worsening medical condition.
We assume that each patient has at most one informative time points, for simplicity and because this is the scenario in the application data set. In general, more than one informative time points could be observed for each patient. The proposed method can be easily extended to such general scenarios (see further discussions in Section 6).
For simplicity and without loss of generality, we also assume that there is one timeindependent covariate W i , which corresponds to the treatment or other factors. Note that our method is applicable for time-dependent covariates W i (t), if it can be observed at all time t.
Before presenting the model for Y i (t), we introduce the counting processes for the death events and the 'extra' visits. We consider a two-state transition model for the death event and the 'extra' visit. For the multistate process, state 0 means alive (the initial state); state 1 means alive but medical condition becomes worse and state 2 means dead. We here only allow transitions from 0 to 1, 0 to 2 and 1 to 2. We define N i hl (t) = #{ direct transitions from h to l, in [0, t] for subject i} and N hl (t) = n −1 ∑ i N i hl (t). A review for multi-state models can be found in Andersen and Keiding (2002) .
We consider the longitudinal model
where µ i (t) is the unobserved biomarker process for subject i before medical condition worsening, ϵ i (t) ∼ N (0, σ 2 ) and H{N i 01 (t)} is a function depending on the counting process related to R i . This function H{N i 01 (t)} is able to model how Y i (t) changes at or after the informative time point. Without the term αH{N i 01 (t)}, the random effect µ i (t) will be estimated with bias and then this will further distort other parameter estimates.
If there are multiple informative times, the function H can be chosen as the number of informative times within a small neighborhood of t (Sun et al., 2005) . In our study, there is at most one informative time. We can choose, for example, 
In model (2), parameter γ hl shows the effects of time independent covariates such as treatment on the transition rate from state h to state l. Similarly parameter η hl shows the effects of the underlying biomarker process on the transition rate. Notation dΛ hl,0 (t) means the baseline transition rate from state h to state l.
Equivalently, with the notation β hl = (γ hl , η hl ) and θ = (α, β 01 , β 12 , β 02 , σ 2 ), we can also write the above model as
where 
The above joint models are very general comparing to some existing works. If we choose µ i (t) = µ 0 (t) to be the same for all subjects and choose η hl = 0 for all (hl), then the above joint model can be solved using the method in Sun et al. (2005) . If we set α = 0, µ i (t) = a i µ 0 (t) for some random effect a i and unknown function µ 0 (t) and we only consider the death (censoring) event, then the above model becomes that in Ding and Wang (2008) . The above survival model can also be amended easily to fit the survival data with multiple failure times in Elashoff et al. (2008) .
The statistical inference
In this section, we focus on the parameter estimations in the models (1) and (3). The challenge here is to deal with the unknown process µ i (t). One may specify a particular distribution for v i and based on this distribution assumption, integrate out the latent variables from the likelihood function (Dantan et al., 2011) . However, an inappropriate distribution assumption may distort the final estimation results and if many unknown random effects are involved the numerical integration or EM algorithms will be unstable (Ding and Wang, 2008) . Therefore, we here consider an approach without requiring any distribution assumption on v i .
A simple idea is, given all the longitudinal observations for Y i (t) and α, to replace µ i (t) with its Least Squares estimateμ i (t; α) (as a function of α) in the (partial) likelihood.
This simple idea, however, will give biased estimates (Henderson et al., 2000) . But it is possible to useμ i (t; α) with certain adjustments in the likelihood function or the estimating equations to obtain a consistent estimate. One way of doing this is to use the method based on sufficient statistics in Tsiatis and Davidian (2001) or the corrected score method (Wang, 2006) . These methods, however, are only valid when the longitudinal data are collected at noninformative times. This paper uses the log-normal distribution property to correct the bias. unbiased estimate for e µ ξ . This log-normal distribution property will help us to find an unbiased estimate for e µ i (t) , the exponential of the random effect process, which will be part of the proportional hazard model.
The working likelihood function
We here consider an extension of the corrected score approach. Suppose that subject i has n i longitudinal observations, n i > q + 1. If α is given, we can estimate v i based on all longitudinal observations of subject i and calculate the predicted valueμ i (t; α).
If denoting
where T i is the design matrix with n i rows and q + 1 columns; the first column has all 1s and the kth column has values t
Using standard results from linear regression, given µ i (t), the predicted valuê
where
Recall that Q i hl (t; θ), defined in (3), is a term used to construct the estimating equations for Cox regression models. Details can be found in Fleming and Harrington (1991) and Andersen et al. (1993) . Since Q i hl is not available (due to the unknown random effects), we consider using
) follows a log-normal distribution and
. Therefore it is natural to usẽ Q i hl (t; θ) to construct the estimating equations. The idea here is to replace Q i hl (t; θ) bỹ Q i hl (t, θ) in the standard Cox partial likelihood function and then the estimating equations can be obtained by taking derivatives with respect to parameters α and β hl and
With the arguments above, we consider the working likelihood function (for the survival sub-model)
.
. Then the working log-partial likelihood function (for the survival sub-model) is
On the other hand, since ϵ is normally distributed, we also have the following log-likelihood function for σ 2 based on the longitudinal sub-model
Therefore the sum of (6) and (7) will give us the working log-likelihood function.
Note that in Tsiatis and Davidian (2001) σ 2 can be estimated directly based on (7) and then we replace the estimateσ 2 in (6) to estimate the other parameters. This is because in their modelμ i can be estimated directly and (7) does not involve the unknown parameter α. In our study, we need to consider the likelihood as the sum of (6) and (7) and estimate all parameters of θ = (α, β 01 , β 12 , β 02 , σ 2 ) simultaneously.
The unbiased estimating equations
We can get the estimating equations, based on the derivative for the log-likelihood. First, we need to introduce the notationsS
α;hl (t, θ) andS hl (t, θ) with respect to β hl , α and σ 2 , respectively. We also introduce the notationsS
α,β;hl (t, θ),S
α,σ;hl (t, θ),S
β,β;hl (t, θ),S
β,σ;hl (t, θ)
σ,σ;hl (t, θ) as the second-order partial derivatives forS hl (t, θ) with respect to β hl , α and σ 2 , respectively. The formulas for these derivatives can be found in Appendix (equations (15), (16) and (17)).
The estimating equations are given by
for the unknown parameters θ, where
and m i (t) is the derivative ofμ i (t; α) with respect to α, given by (14) in Appendix.
Note that given a parameter value θ we can calculate the function U (θ) given above, since no latent random effects v i are involved. The expressions of U α (θ) and U σ (θ) have extra terms n −1 ∑ i F i and n −1 ∑ i E i , which are based on the likelihood from the longitudinal data only. We should expect that such estimating equations give consistent estimates, which is shown in the following section. 
Large sample properties of the estimate
Therefore, we only need to show the large sample properties under model (9), which does not involve the unknown random effects.
If we define G i (t), as the filtration generated by
where Y i denotes the longitudinal observations, thenÑ i hl (t) is adapted to G i (t) and model (9) can be written as
is a martingale with respect to the filtration G i (t). Based on this we can show that the solution of the estimating equations gives a consistent estimate, i.e.θ → θ * , the true parameter value. This is given in Appendix.
To establish the asymptotic normality for the estimator, we first consider the asymptotic normality for the estimating equations. We can show that
for some matrix Σ θ * . This can be easily seen from the facts 1) E i and
are i.i.d. random variables and 2) the function U (θ * ) can be rewritten in terms of martingale representation, as
Note that the correlation of dM i hl (t) and
an estimate for the symmetric matrix Σ θ * is given by (the detailed calculation is given in Section 2 of the supplementary file)
with Var(F i ), Var(E i ) and Cov(E i , F i ) as the sample variances and covariance of F i (α,σ 2 ) and E i (α,σ 2 ) (i = 1, · · · , n such that n i > q + 1), respectively.
The elements inΣ α,β are given bŷ
The elements inΣ σ,β are given bŷ
The elements in the diagonal blocks ofΣ β,β
and the other elements inΣ β,β are 0s.
Then using the first-order Taylor expansion for the estimation equations, we obtain that
, where D θ is the limit of ∂U (θ)/∂θ. We then can easily have an estimate for the covariance matrix ofθ, withΣ given above and an estimate for
, which is given in Section 1 of the supplementary file.
Note that the estimate in (12) for Λ * hl,0 is also consistent and
This result follows from the standard martingale theory and one may see Chapter 8 of Fleming and Harrington (1991) for more details.
Simulation Studies

Linear random effect process µ(t)
Scenario 1. Simulation studies were carried out to check the performance of the parameter estimators. We choose the longitudinal model with q = 1, i.e.
where random intercept v i0 and random slope v i1 mimic the subject-specific baseline disease severity and disease progression rate, respectively (Luo, 2014) . The sample sizes were chosen as n = 200, 400. All the simulation results in this section are based on 200 Monte Carlo replications. We take longitudinal measurements at every 0.2 unit time when t <= 1 and at every 0.5 unit time when t > 1. This gives that 95% subjects have more than 2 longitudinal observations (n i > 2) and will contribute to the estimating equations. Even when there are only 85% of subjects having n i > 2, the method still works well. More simulation studies on this and details of how the survival data are generated are provided in the supplementary file. 
then the parametric approach by integrating out the Gaussian random effects can be applied directly. When comparing our method with this approach, we found out that the parametric approach provides similar results to our method, when the random effects are indeed normally distributed (See Table 1 Table 2 . We can see that results based on the working-likelihood approach are as good as those in Table 1 . This is because the proposed working-likelihood method does not require any distribution assumption on the random effect v. However, if we use parametric methods with the Gaussian assumption for the random effects, some parameter estimates (those non-zero parameter estimates) have larger bias. This is shown in Table 2 . Table 2 is about here. Table 3 . We can see that the parametric method provides much larger bias for all parameters. For example, the parametric approach seems not to give a correct estimate for η 01 and η 02 . However the working-likelihood approach is very reliable and seems not to be affected by the random effect distribution. Table 3 is about here.
Scenario 4.
For comparison, we also present the result based on α = 0 to compare the effects when informative censoring is not taken into account. Table 4 presents the results when the model is misspecified with α = 0. We can see the larger bias and poor coverage probability in terms of the estimation for the parameters η hl and σ 2 . This is because without α the link process v i0 + v i1 t will be estimated with bias and therefore its associated parameter η will be estimated with bias. 
Higher-order polynomials for µ(t)
Theoretically the proposed method require that a large proportion of subjects having n i > q + 1, which may limit the applicability of this method. However, practically if n i ≤ q + 1 we may still estimate the trajectory of µ i (t) via a lower-order polynomial.
For example, if we choose q = 3 then µ i (t) should be a 3rd-order polynomial. But for all subjects with n i ≤ q + 1, we can still estimate µ i (t) via a quadratic or linear function.
Such an approach only requires that the majority of subjects have no less than 3 repeated observations. Note that if most subjects have only one or two longitudinal observations, it would not make much sense to use a random process to model the biomarker effects.
Therefore it is reasonable to focus on problems where most subjects have enough number of longitudinal observations.
In this section we consider a simulation study of q = 3. We choose the same true In this simulation study there are only about 50% subjects having more than 4 observations. However, about 95% subjects have more than 2 observations. Therefore, most subjects are included in the working likelihood: some of them (with n i = 3) use linear random effect processes, some of them (with n i = 4) use quadratic random effect processes and some (with n i > 4) use a polynomial function of order 3. We can see from the simulation results in Table 5 that the working-likelihood method still works well. Table 5 is about here.
Data Analysis
Now we apply the proposed approach to the PBC study discussed earlier. In this randomized clinical trial, 158 out of 312 patients took the drug D-penicillamine, whereas the other patients were assigned to a control group. Lab test results such as serum bilirubin were measured at the time of recruitment and at follow-up visits, recorded until death or censoring. The observed event time ranges from 41 to 5225 days. Among the 312 subjects, 125 deaths are observed and the others are censored. The measurement times of serum bilirubin are specified visits at 6 months, 1 year, and annually thereafter.
About 85% of patients have no more than 10 longitudinal observations. Following (Luo, 2014) , we consider the linear biomarker process µ i (t) = v i0 + v i1 t in case of over fitting.
Also about 85% of patients have no less than 3 longitudinal observations, which can contribute to the estimation. The original data were studied in Fleming and Harrington (1991) based on only baseline covariates, and their conclusion was that the drug D-penicillamine is not effective and some baseline covariates, such as bilirubin, are significant. Ding and Wang (2008) further analysed the data based on the longitudinal observations for bilirubin. They use a joint modelling approach to analyse the survival events and longitudinal data. They also concluded that the drug D-penicillamine is not effective on patient survival but bilirubin levels are significant risk factors.
In our analysis for the survival events, we consider a multi-state model in (3), modeling transition rate from the initial state (state 0) to the state having the extra visit (state 1), transition rate from having the extra visit to death (state 2) and transition rate from 0 to 2. The covariates in the multi-state model include the longitudinal measurements of serum bilirubin during the follow-up period and the time-independent treatment. When modelling the longitudinal events, we consider model (1). These models will allow us to take into account the effects of the extra visit. Here we mainly focus on explaining the estimated parameter values, shown in Table 6 .
Figure 3 is about here. Table 6 is about here.
The value α is estimated at 0.490 with standard error 0.12, which is significant. This means that at the extra visit, the bilirubin levels are significantly higher than the longitudinal observations obtained before. For four typical patients' longitudinal data, we plot them individually in Figure 3 and show their fitted regression line based on our proposed model. The longitudinal observation at the extra visit is plotted via solid '•' sign, which is clearly not on the regression line and shows the worsening medical condition.
The dotted vertical line in Figure 3 shows the jump of the process at the extra visit and the parameter α can be interpreted as the average of these jumps. Therefore Figure 3 shows that model (1) taking into account the change point would be appropriate.
From Table 6 , we have that the estimatesγ 02 = −0.067 (with se 0.26), which is not significant, andη 02 = 0.977 (with se 0.10), which is significantly unequal to 0. This means that if there is no extra visit, the drug D-penicillamine is not effective on patient survival but bilirubin levels are significant risk factors. This confirms the results in Fleming and Harrington (1991) and Ding and Wang (2008) . Based on the new model, however, more results can be achieved. For example, we can also analyse the rate of 'extra visit'. The estimatesγ 01 = 0.264 (with se 0.28), which is not significant, and η 01 = 0.970 (with se 0.13), which is significantly unequal to 0. This means that the treatment does not affect the rate of the extra visit, but higher bilirubin levels will result in unexpected visits within a shorter period. This can facilitate clinical managements.
On the other hand,γ 12 = −0.543 (with se 1.42) andη 12 = −0.067 (with se 0.35), both of which are not significant. This means that if the extra visit happens (medical conditions become worse), neither the treatment nor the bilirubin level will give significant effects on survival. However, the valuesγ 02 = −0.067 andγ 12 = −0.543 might suggest that the treatment has more effects on those patients with worsening conditions. Analysis based on a larger data set is needed to confirm such an argument.
To assess the adequacy of the proposed model, it is straightforward to apply a graphical method based on martingale residuals, similar to Schoenfeld (1982) and Zeng and Cai (2010) . The martingale residuals for each subject is given by
, which can be calculated easily by using the estimated parameter values. If the multi-state model assumption is reasonable, these residuals should have mean 0 and no correlation with covariates. We find out that the residual mean is 0.157 and residual median is −0.009. In addition the following residual plot shows that there is no relation between residuals and the baseline longitudinal values. Therefore we conclude that our model is appropriate. Figure 4 is about here.
Discussion
In the paper, we have presented a joint model for multi-state event times and longitudinal data with a random process as a link, when there exist informative observation times. Our method does not require any distribution assumption on the random effects.
Asymptotically unbiased estimating equations were proposed to obtain parameter estimates and their standard errors. The asymptotic covariance can be easily calculated.
Existing corrected score methods or conditional score methods require that the longitudinal process be independent of the data collection times. One contribution of the new method is that it extends the corrected score method to the cases with longitudinal data collected at informative time points. However, it is not straightforward to extend the conditional score method (Tsiatis and Davidian, 2001 ), since it is not easy to find a suitable sufficient statistic when the longitudinal process depends on an extra term αH i (t). We leave this to a future work.
We here focus on the case where there is only one extra visit. When there are more than one extra visit, the methodology proposed in this paper still works. In such general cases, the counting process N 01 (t) means the number of extra visits up to time t. Then the three-state transition model proposed in this paper should be revised to a more general multi-state Markov models. We also need to choose different function form H(N 01 (t)). As Sun et al. (2005) suggested, H(N (t)) can be chosen as the jumps of N (t)
at a small neighborhood of t. Under such revised models, the martingale estimation approach in this paper can be applied directly. More research needs to be done to justify the performance of the proposed working likelihood approach in such general scenarios. This is left to future work.
In practice, there may be many subjects having very few or even no longitudinal measurements. Sun et al. (2012) also pointed out this as a challenge and suggested that an inverse probability weight method might work. Such reweighing methods will assign smaller weights to the subjects with few longitudinal observations and larger weights to subjects with more longitudinal observations. From the simulation results provided in the supplementary file (Section 3), we found that our estimators are still very good even if there are about 15% observations have no more than 2 longitudinal observations. But it is worth carrying out further research to study how to incorporate the inverse probability weighted methods into our methods. We leave this as a future work. Nevertheless, the proposed method is preferable to the approach via dealing with unknown random effects using EM algorithm, since the EM algorithm requires a particular distribution assumption for the random effects and will be unstable due to many random effects included in the model (Ding and Wang, 2008) .
In the proposed model, the parameter α is time-independent. If there are more longitudinal observations, this could be generalized to a model with time-dependent parameters.
In addition, the random errors ϵ ij , j = 1, · · · , n i could be dependent, following a multivariate normal distribution. It is possible to use the mean-covariance modelling method in Leng et al. (2010) to estimate the covariance matrix for the longitudinal observations.
We also leave these as future works.
A Notation for S
(1) and S (2) and proof of the consistency
We define
From the definition of S (0) hl (t, θ), we can obtain its derivatives as
We can further work out the second derivatives ofS (0) (t, θ) with respect to θ, as
Now we prove the consistency of the estimatorθ. Denote the log-likelihood, the sum of (6) and (7), as L n (θ) and L(θ) := lim n L n (θ) and u(θ) = lim n U (θ). Noticing that Therefore the maximum pointθ of L n (θ) converges to the maximum point θ * of L(θ).
Note that the maximum pointθ for L n (θ) is also the solution of the estimating equations.
The consistency is proved. 
